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5.1 Motivation
The Parameterized Expectations Algorithm (PEA) is a widely applied method for solving nonlinear stochastic dynamic models with rational expectations (den Haan and Marcet 1990, Marcet
and Marshall 1994, Maliar and Maliar 2003 and 2005). The PEA scheme involves the approximation of the conditional expectation functions in the Euler equations with certain parametric
functions, and the use of a numerical optimization method to find the parameter values.
A common problem with the PEA is that the algorithm, per se, does not guarantee convergence
when initialised from arbitrary initial conditions. Therefore researchers have to either (1) find
good initial conditions, or (2) fix the algorithm in some way to avoid non-convergent paths.
Within group (1) the usual approach is based on the principles of homotopy. The basic idea is to
slowly move from a simple case, where the solution is known or easy to compute, to the desired
case where the solution is typically unknown. In this way, only local stability of the algorithm
that solves for the fixed point is needed. For an introduction to homotopy theory see Garcia
and Zangwill (1981); Eaves and Schmedders (1999) provide an introduction to using homotopies
in economics. Nevertheless, depending on the complexity of the model at hand, this type of
initialization methods may be of difficult and/or cumbersome application. Within group (2) would
lie the proposal to initialise the PEA on the basis of log-linear approximations as in Pérez (2004)
or the proposal of Maliar and Maliar (2003) (MM henceforth), based on restricting the simulated
series within certain bounds. MM’s intuitive idea was to rule out the possibility of (ex)implosive
behavior by restricting the simulated series within certain bounds. As the solution is refined
along the iterations, the bounds are gradually removed. The authors claim that: “The modified
PEA can systematically converge to the stationary solution starting from the non stochastic
steady state” (p. 88). In particular, Maliar and Maliar solve the basic neoclassical growth model
and provide two simulations to illustrate that the modified PEA can find the stochastic solution
starting from the non stochastic steady state. Nevertheless, the authors do not provide any
systematic or theoretical assessment of the convergence properties of their algorithm.
Upon the basis of a Monte Carlo experiment, we check in a systematic way the properties of
the different alternative methods. We have chosen two models to frame the discussion: the simple
neoclassical growth model, and the Cooley and Hansen (1989) model, that adds to the previous
model a non convexity, indivisible labor, and introduces money via a cash-in-advance constraint
in consumption.
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5.2 PEA and the moving bounds
Consider an economy which is described by a vector of n endogenous variables, zt , and a vector
of s exogenously given shocks, ut . Let the process {zt , ut } be represented by a system
g(Et [φ(zt+1 , zt )], zt , zt−1 , ut ) = 0,

for all t

(5.1)

where g : Rm × Rn × Rn × Rs → Rq and φ : R2n → Rm ; ut follows a first-order Markov
process. It is assumed that zt is uniquely determined by (6.1) if the rest of arguments are given.
The functions g(·) and φ(·) are known functions once the structural parameters of the economy
are fixed. Alternatively, let the solution be expressed as a law of motion h such that the vector
zt generated by zt = h(zt−1 , ut ) fulfills (6.1). Obtaining a solution to (6.1) using PEA consists
of finding a parametric function ψ(β; zt−1 , ut ), such that for a positive integer ν, β ∈ Dν , where
Dν ⊂ {β ∈ R∞ : ith element of β is zero if i > ν}, the process {zt (β)} satisfies for all t the set of
equations
g(ψ(β; zt−1 , ut ), zt (β), zt−1 (β), ut ) = 0

(5.2)

and the order of ν is such that when solving G(β) = arg minβ∈Dν Et [φ(zt+1 (β), zt (β))−ψ(β; zt−1 (β), ut )]2 ,
then β = G(β). This problem is solved with a Gauss-Newton algorithm that uses the following
updating rule: β i = β i−1 + λG(β i−1 ) at each iteration i. Given these conditions, the stochastic
process {zt (β)} is the PEA approximated solution. Under certain regularity conditions over the
functions defining the equilibrium (6.1), the function g(·) is invertible in its second argument,
and equation (6.2) can be written as zt (β) = hβ (zt−1 (β), ut ) for stationary and ergodic processes.
Marcet and Marshall (1994) show that under those regularity conditions, fulfilled by standard
business cycle models, it is always possible to find an approximated function hβ (·) arbitrarily
close to the true law of motion of the system h(·). Under the true law of motion h(zt−1 , ut ), the
true process {zt , ut }∞
t=−∞ verifying (6.1) is stationary. For the approximation to be acceptable,
it is necessary that, given initial conditions {z0 , u0 } and an initial vector β, the resulting process
{zt (β)}Tt=1 verifying (6.2) has to be stationary.
In order to achieve stationarity in {zt (β)}Tt=1 starting for an arbitrary initial value for β,
MM bounds artificially the solution to (6.2) to induce the stationarity of possibly (ex)implosive
simulated series by not allowing such series to go beyond a fixed range z < zt (β) < z. The range
becomes irrelevant as the number of iterations increases. The PEA algorithm as modified by
Maliar and Maliar (2003) can be written as follows:
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• Step 1. Fix upper and lower bounds, z and z for the process {zt (β)}. For an initial
iteration i = 0 fix β = β(0). Fix initial conditions u0 and z0 ; draw and fix a random series
{ut }Tt=1 from a given definition. Replace the conditional expectation in (6.1) with a function
ψ(β; zt−1 , ut ) and compute zt (β) from (6.3).
• Step 2. For a given β ∈ Dν recursively calculate {zt (β)}Tt=1 according to
zt (β) = z,

if zt (β) < z

zt (β) = z,

if zt (β) > z

zt (β) = hβ (zt−1 (β), ut ),

if z ≤ zt (β) ≤ z

• Step 3. Find a G(β) that satisfies G(β) = arg minξ∈Dν Et [φ(zt+1 (β), zt (β))− ψ(ξ; zt−1 (β), ut )]2 .
In order to perform this step, one can run a nonlinear least squares regression with the sample {zt (β), ut }, taking φ(zt+1 (β), zt (β)) as a dependent variable, ψ(·) as an explanatory
function, and ξ as a parameter vector to be estimated.
• Step 4. Compute the vector β i+1 for the next iteration,
β i+1 = β i + λG(β i ), λ ∈ (0, 1)
• Step 5. Compute z(i + 1) and z(i + 1) for the next iteration,
z(i + 1) = z(i) − ∆(i)
z(i + 1) = z(i) + ∆(i)
where ∆(i) and ∆(i) are the corresponding steps.
Iterate on Steps 2−5 until kβ i+1 −β i k is below a certain tolerance value, and z < zt (β i+1 ) < z,
∀t.

5.3 The models
We have selected two models to frame the discussion: the one-sector stochastic growth model (SN
model henceforth) and the Cooley and Hansen (1989) model (CH model henceforth). Consider
firstly the SN model,
∞
X

max E0
{ct , kt }∞
t=0
t=0

ct1−γ − 1
δ
,
1−γ
t

s.t.

α
ct + kt = (1 − d)kt−1 + θt kt−1
,
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where log θt = ρ log θt−1 + t with t v N (0, σ 2 ), the initial condition (k−1 , θ0 ) is given. ct is
consumption at time t, kt−1 the beginning of period t capital stock, 0 < δ < 1 is the subjective
discount factor, 0 < α < 1 the capital share in production, 0 < d < 1 the depreciation rate, and
0 < ρ < 1. But for the case with logarithmic utility, γ = 1, and full depreciation of capital, d = 1,
a closed-form solution to this model is not known. Following den Haan and Marcet (1990), we
approximate the conditional expectation by
α
Et [c−γ
t+1 (1 − d + αθt+1 kt−1 )] u exp(β0 + β1 log θt + β2 log kt−1 )

where β = (β0 , β1 , β2 ) is a vector of coefficients to be found. To simulate the model, parameter
values are fixed as: α = 0.33, δ = 0.95, γ = 1, d = 0.02, ρ = 0.95, σ = 0.01, k−1 = kss (the
subscript ss refers to the steady-state values) and θ0 = 1.
The CH model is a bit more complex in that it includes a non-convexity, indivisible labor.
Money is introduced via a cash-in-advance constraint in consumption. The competitive equilibrium is non-Pareto-optimal, and the second welfare theorem does not apply. The representative
firm solves a standard profit maximization problem, while households seek to maximize their time
preferences subject to their holdings of money balances and a set of standard budget constraints.
There are two sources of uncertainty in this economy: the autoregressive shock to technology,
θt , and an autoregressive logged money growth rate, log(gt ). den Haan and Marcet(1994)’s preferred specification for the approximating function ψ(·) to the expectation term is a third-order
polynomial such that,
1−α
+ 1 − d)] u exp ( β0 + β1 log kt−1 + β2 log θt + β3 log gt
Et [µt+1 (αθt+1 ktα−1 Nt+1

+β4 (log kt−1 )2 + β5 log kt−1 log θt + β6 (log θt )2

+β7 (log θt )3

(5.3)

where µt is the Lagrange multiplier attached to the household’s budget constraint, and Nt
denote hours worked. Following den Haan and Marcet, we will adopt as baseline parameterization:
δ = 0.99, α = 0.36, AN = 2.86, ρ = 0.95, ρg = 0.48, σ = 0.00721, σg = 0.009, gss = 1.15, and
d = 0.025.
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5.4 Initialization methods
MM propose a new approach based on restricting the simulated series within certain bounds. The
respective bounds are defined as follows:
k(i) = kss exp(−ai),

(5.4)

k(i) = kss (2 − exp(−ai))

where a > 0 determines the path at which the bounds are moved. Under this choice, from
the first iteration (i = 0), in which both bounds coincide with the steady-state solution, the lower
and upper bounds gradually move, approaching 0 and 2kss , respectively. MM suggest to set a so
that k = 0.5zss and k = 1.5zss is reached after a given number of iterations I. Substituting this
rule in (5.4) gives a = log(2)/I.

1

In addition to the standard implementation suggested by MM we tried two variants aiming
at improving its performance. First, we consider an extension (let us call it adaptable MM) along
the lines of the concept of statistical depth functions (see Liu 1990 or Zuo and Serfling 2000): the
speed of the moving bounds is made contingent on the number of censored points in the previous
iteration. The reformulated bounds are defined as follows:


l
,
k(i) = kss exp(−ai) + 0.5 HIT
T
u
k(i) = kss 2 − exp(−ai) + 0.5 HIT
T



(5.5)

where HITj stands for the number of censored points in the previous iteration (lower bound
j = l, upper bound j = u). Second, we consider an extension in the case of the CH model whereby
not only the endogenous state variable k is censored in each iteration, but also N .
Pérez (2004) proposes an approach based on a log-linearization of the necessary equations characterizing the equilibrium of the system. Let us denote a log-linear approximation to (6.1) as,
ĝ(Et [φ(ẑt+1 , ẑt )], ẑt , ẑt−1 , ut ) = 0,

for all t

(5.6)

where ẑ, denotes the log-linearized counterpart of z, and ĝ(·) is a log-linear function approximating
g(·). The stable solution to (5.6) can be obtained in a standard way by solving for the desired
recursive equilibrium law of motion ẑt (β) = ĥ(ẑt−1 (β), ut ).
Solving for the stable manifold of the system forces the transversality conditions to hold.
This, in turn, is a necessary and sufficient condition for the stationarity of the solution. Basing
the obtention of the initial conditions for the non-linear model in a log-linear version about the
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deterministic steady state of the very model, implicitly makes use of the ideas of homotopy. The
log-linear approximation is a local counterpart of the model about the steady state, and at least
locally should be close to the nonlinear model. As described in Pérez (2004), one could exploit the
parallelism between the set of PEA-approximated first order conditions in (6.2) and the log-linear
first order conditions in (5.6), or between the PEA-law of motion in (6.3) and the log-linear law
of motion. The latter alternative is close to that suggested by Christiano and Fisher (2000).
We follow the first approach, for it is more generally applicable and presents better convergence
properties (see Pérez, 2004). The method consists of evaluating (6.2) for ẑt , and then estimating
the approximated gβ (·) and implied hβ (·) by means of nonlinear regressions. Given regressions
are run between stationary variables, the resulting estimated β parameters have a stationary
distribution. On other grounds, if T is long enough, the potential multicollinearity problems that
might arise are kept to a minimum. Consider the Cooley and Hansen model. From a log-linear
1−α
approximation one can define the variable ψ̂t ≡ µ̂t+1 (αθt+1 k̂tα−1 N̂t+1
+ 1 − d), and then, upon

the basis of the specification of the functional form of the PEA approximating function in (6.4)
run the nonlinear regression
ψ̂t = exp( $0 + ρ1 log k̂t−1 + $2 log θt + $3 log gt
+$4 (log k̂t−1 )2 + $5 log k̂t−1 log θt + $6 (log θt )2 + $7 (log θt )3 + εt )
The estimation of the $ parameters from the preceding regression would give a good starting
point for the β coefficients needed to initialise PEA, as standard results in regression analysis
guarantee a stationary distribution for the estimated vector of coefficients $.
Another option is to follow the standard homotopy approach. We get the PEA solution for
the SN model given by the analytical solution for the case with d = 0.00 as the initial point for
our baseline. For the CH model we take the PEA solution to the SN model as the starting point.
We solve the two models described above with PEA, using the different alternative initialization methods, for 250 independent draws of the exogenous processes of size T = 5000 in each case
(keeping the same shock for all alternatives in each simulation). The convergence criterion used
is that the L2 distance between vectors β obtained in two subsequent iterations is less than 10−5 .

5.5 Results and discussion
The computational results of the experiment are shown in Table 5.1. Matlab codes for solving
the two selected models with the selected initialization alternatives are available from the authors
upon request.
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In terms of total computational time, the PEA solution based on the baseline MM’s approach
took between two and two and a half times more in the SN model than the alternatives, and
almost four and a half times in the case of the CH model. Regarding the stability of the solutions,
with both models the maximum and minimum time per simulation was around two to five times
that of the typical simulation with the alternatives. The same picture emerges when the standard
deviation of the time to convergence of the 250 simulations is considered.2
For almost all shocks (except 1.2% of them) the baseline MM algorithm was able to make PEA
converge to the rational expectations equilibrium in the case of the one-sector neoclassical model
(with λ = 1). On the contrary, in the case of the CH model only 4.4% of the simulations converged
under the standard implementation of MM (with λ = 0.3). Nevertheless, all the implemented
modifications of the standard MM implementation led to an increase in the number of convergent
paths. Keeping λ = 0.3, the number of converged simulations increased to 16% in the adaptable
MM case, and to 19.2% in the adaptable MM case with k and N censored. In this latter case,
censoring two variables instead of one, increased the number of converged paths by an additional
3.2%. Decreasing λ from 0.3 to 0.01 increased the number of converged paths from 16% to 21.2%
in the adaptable MM case with only k censored. The alternative initialization methods made
the PEA converge in all cases (estimated log-linear approach) and in all cases except some 4%
(standard homotopy approach).
Obviously, we have only experimented in the context of two models, so it may well be that MM
outperforms Pérez in some other class of models, however these examples show that fine-tuning
the MM approach improves its convergence properties, and that further fine-tuning beyond the
modifications presented in this paper might eventually provide more reasonable scores than the
ones shown in Table 5.1. Nevertheless, having to devote an important amount of time fine-tuning
MM’s approach could eventually make this latter approach lose part of its major appeal: i.e. that
even starting from a not very accurate initial guess might guarantee convergence.
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Notes
1 For

the SN model with λ = 1.0 this rule would imply setting a = 0.007 as convergence is

achieved after approximately 100 iterations (I = 100). For the CH model a fine tuning of λ was
needed in order to find convergent paths in the case of MM. For a lower value such as λ = 0.3 the
parameter a is set to 0.0035 (it corresponds to having k = 0.5zss and k = 1.5zss after I = 200).
For even lower values like λ = 0.01 the resulting value for a had to be reduced to a = log(2)/2000.
2 All

converged simulations (irrespective of the initialization method) reached the same numeri-

cal values for the set of parameters of the PEA polynomials (for each realization of the exogenous
shocks). Regarding the rationality of the converged solutions it is worth noticing that den Haan
and Marcet (1994) showed that: (i) in the case of the SN model a first order polynomial does
not pass their rationality test (in this case we kept this latter parameterization for the sake of
comparison with MM); (ii) in the case of the CH model the third order polynomial passes their
rationality test.
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5.8 Tables

Tab. 5.1: Comparison of initialization alternatives. Computational results

One-sector stochastic growth model
Maliar and
Maliar: standard
implementation
k censored
λ = 1, a = 0.007

Maliar and
Maliar: adaptable
moving bounds
k censored
λ = 1, a = 0.007

Estimated
Log-linear
approach

Standard
Homotopy
approach

λ=1

λ=1

2.649
2.835
2.526
4.412
1.2%

2.552
2.716
2.403
4.010
1.2%

1.000
1.000
1.000
1.000
0.0%

1.378
1.407
1.372
1.415
0.0%

Maliar and
Maliar: adaptable
moving bounds
k and N censored
λ = 0.3
a = 0.0035

Estimated
Log-linear
approach

Standard
Homotopy
approach

λ = 0.3

λ = 0.3

3.069
3.161
3.167
2.748
80.8%

1.000
1.000
1.000
1.000
0.0%

2.296
1.881
2.854
1.337
3.6%

Average computational time
Maximum time simulation
Minimum time simulation
Standard deviation
Convergence failure (%)

Cooley and Hansen (1989) model
Maliar and
Maliar: standard
implementation
k censored
λ = 0.3
a = 0.0035
Average computational time
Maximum time simulation
Minimum time simulation
Standard deviation
Convergence failure (%)

Maliar and
Maliar: adaptable
moving bounds
k censored
λ = 0.3
λ = 0.01
a = 0.0035
a = 0.0003

4.382
4.406
5.046
6.909
95.6%

3.416
3.918
3.907
3.822
84%

3.923
3.139
3.303
3.800
78.8%

Notes: Summary statistics for 250 simulations, each of size T =5000. Figures are expressed in relative terms (ratio to the
method scoring minimum time) unless otherwise stated.
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